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1 Introduction 



The classic central limit theorems and strong (weak) laws of large numbers play an important 
role in the development of probability theory and its applications. One of essential ingredients 
in these limit theorems is the additivity of the probabilities and the expectations. However, 
many uncertain phenomena can not be well modeled by using additive probabilities and additive 
expectations. Thus people have used non-additive probabilities (called capacities) and nonlinear 
expectations (for example Choquet integal/expectation, (^-expectation) to interpret and study 
these phenomena. Recently, motivated by the risk measures, superhedge pricing and modeling 
uncertain in finance, Peng [5]- [T3] initiated the notion of independent and identically distributed 
(IID) random variables under sublinear expectations, and proved the weak law of large numbers 
and the central limit theorems among other things. 

In [5], Hu and Zhang obtained a central limit theorem for capacities induced by sublinear 
expectations. In [7J, Li and Shi proved a central limit theorem without the requirement of identical 
distribution, which extends Peng's central limit theorems in [9j [TT] . In [3], Hu proved that for any 
continuous function ip satisfying the growth condition |'0( a; )| < C(l + \x\ p ) for some C > 0,p > 1 
depending on ift, central limit theorem under sublinear expectations obtained by Peng [11] still 
holds. In [T5] , Zhang obtained a central limit theorem for weighted sums of independent random 
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variables under sublinear expectations, which extends the results obtained by Peng and Li and 
Shi. 

Now we recall the existing results about the laws of large numbers under sublinear expecta- 
tions. In [1] , Chen proved a strong law of large numbers for IID random variables under capacities 
induced by sublinear expectations. In pE], Hu presented three laws of large numbers for indepen- 
dent random variables without the requirement of identical distribution. In [6], we obtained a 
strong law of large numbers for IID random variables under one-order type moment condition. 

The main results in [51 El El H51 ED IH E] are about one- dimensional random variables in sub- 
linear expectation space. To our knowledge, up to now, there are no good extensions of Peng's 
central limit theorem and laws of large numbers to multi-dimensional random vectors in sublinear 
expectation space. The goal of this paper is to present some multi-dimensional central limit theo- 
rems and laws of large numbers under sublinear expectations without the requirement of identical 
distribution, which extend the results of [7] and Theorem 3.1 of p[|.. 

The rest of this paper is organized as follows. In Section 2, we recall some basic notions under 
sublinear expectations. In Section 3, we give the main results: the multi-dimensional central limit 
theorem and several corollaries, and their proofs will be given in Section 4. In Section 5, we give 
some multi-dimensional laws of large numbers. 

2 Basic settings 

In this section, we present some basic settings about sublinear expectations. Refer to Peng [8]-[13j. 

Let Q be a given set and let % be a linear space of real functions defined on Q such that 
for any constant number c, c G Ji] if X G H, then \X\ G H] if X\, . . . ,X n G "H, then for any 
<P G Ci t Li P (M n ), <f(Xi,...,X n ) G H, where C^iipiM" 1 ) denotes the linear space of functions ip 
satisfying 

\<p(x) - <p(y)\ < C(l + \x\ m + M m )|x - y|, Var, y G R n , 

for some C > 0,m 6 JV depending on ip. Denote by Cb,Li P (M n ) the space of bounded Lipschitz 
functions defined on M. n . 

Definition 2.1 A sublinear expectation E on H is a functional E : % — > K satisfying the follow- 
ing properties: 

(a) Monotonicity: E[X\ > E[Y], if X > Y. 

(b) Constant preserving: E[c] = c, Vc G R. 

(c) Sub-additivity: E[X + Y}< E[X} + E[Y}. 

(d) Positive homogeneity: E[XX] = XE[X], VA > 0. 

The triple (Q,T-L,E) is called a sublinear expectation space. If only (c) and (d) are satisfied, E is 
called a sublinear functional. 

Theorem 2.2 Let E be a sublinear functional defined on a linear space %. Then there exists a 
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family of linear Junctionals {Eg : 9 G 0} defined on % such that 

E[X] = sup E e [X], VX G H, 
6»ee 

and, for each X G %, there exists Ox G 6 such that K[X] = Eg x [X]. Furthermore, if E is a 
suhlinear expectation, then the corresponding Eg is a linear expectation. 

Definition 2.3 Let X± and X 2 be two n-dimensional random vectors defined on suhlinear expec- 
tation spaces (Qi, Hi, Ex) and (^2,^-2^2), respectively. They are called identically distributed, 
denoted by X\ ~ X 2 , if 

EMXi)] = E2HX2)}, ^ G C bMp (R n ). 

Definition 2.4 In a suhlinear expectation space (Q,'H,E), a random vector Y G H n is said 
to be independent from another random vector X G EI m under E[-] if for each test function 
if G G >Lip (M n+m ) we have 

E[<p(X,Y)] = E[E[<p(x,Y)]\ x=x ]. 

Remark 2.5 It is important to note that under sublinear expectations the condition Y is inde- 
pendent from X does not imply automatically that X is independent from Y. 

Proposition 2.6 Let (Q, H, E) be a sublinear expectation space andX, Y be two random variables 
such that E[Y] = —E[—Y], i.e., Y has no mean-uncertainty. Then we have 

E[X + aY] = E[X] + aE[Y},Va G R. 

In particular, if E [Y] = E[-Y] = 0, then E[X + aY] = E[X]. 

Proposition 2.7 For each X,Y EH, we have 

E[\X + Y\ r ] < 2 r ~\E[\X\ r ] + E[\Y\ r }), 
E[\XY\]<(E[\X\^.(E[\X\^, 
(E[\X + Y\ p ])p < (E[\X\ p })p + (E[\Y\ p ])p, 

where r > 1 and 1 < p, q < 00 with - + - — 1. In particular, for 1 < p < q, we have 

(E[\X\*\)$ < (E[\X\*\)l 

Definition 2.8 Let X,X be two n-dimensional random vectors on a sublinear expectation space 
(Jl, X is called an independent copy of X if X ~ X and X is independent from X. 
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Definition 2.9 (G-normal distribution) A d- dimension random variable X = (Xi,X 2 , ■ ■ ■ ,Xd) T 
on a sublinear expectation space (n,7i,E) is called (centralized) G-normal distributed if 



aX + bX ~ VaJ+¥x, for a,b>0, 
where X is an independent copy of X . 

We denote by S(<f) the collection of all dx d symmetric matrices. Let X be G-normal distributed 
on (Q,T-L,E). The following function is very important to characterize its distribution: 



G(A) = E 



\(AX,X) 



A e S(d). 



It is easy to check that G is a sublinear function monotonic in A G E>(d). By Theorem 12.21 there 
exists a bounded, convex and closed subset O C E>(d) such that 

G(A) = sup -tr[AQ], A G S(d). 

Proposition 2.10 Let X be G-normal distributed. For each ip G Cb,Lip(^. d ) , define a function 

u(t, x) := E[tp(x + y/iX)], V(t, x) G [0, oo) x R d . 
Then u is the unique viscosity solution of the following parabolic PDE: 

d t u - G(D 2 u) = 0, u\ t=0 = <p, (2.1) 
where G(A) = E[\{AX,X)\, A G S(d). 

The parabolic PDE (12. ip is called a G-heat equation. Since G(A) is monotonic: G(Ai) > 
G(A 2 ), for Ai > A 2 , it follows that 

C S+(d) = G S(d) : > 0} = {fifi r : B G M dxd }. 

If = {Q}, then X is classical zero- mean normal distributed with covariance Q. In general, 
characterizes the covariance uncertainty of X. We denote X ~ N(0; 0). 

When d = 1, we have X ~ JV(0; [a 2 ,^ 2 ]), where a 2 = ,E[X 2 ], a 2 = -E[-X 2 ]. The corre- 
sponding G-heat equation is 

d t u - \{a 2 {dl x u) + - a 2 (d 2 xx u)-) = 0, u\ t=0 = <p. (2.2) 
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3 Main Results 



In this section, we introduce the main results in this paper: the multi-dimensional central limit 
theorem and several corollaries. 

Theorem 3.1 Let {X i \°l l be a sequence of R d -valued random variables in a sublinear expectation 
space (Q, H, E) which satisfies the following conditions: 

(i) each X i+ i is independent from (Xi, . . . , Xi), Mi = 1, 2, . . . ; 
(it) E[Xi) = E[-Xi] = 0; 

(Hi) there is a constant M > 0, such that E[\Xi\ 3 ] < M,Mi — 1,2, ... ; 

(iv) there exist a sequence {a n } of positive numbers and a sublinear function G : S(d) — > R such 
that lim^^oo ai+ ': +Q " = and 



n 



\G n {A)-G{A)\ <a n \\A\\, Vn,Ae§(d), 



where G,(A) = \E[(AX h X t )], \\A\\ = x /£- i=1 a|, MA = (a,,) G S(d). 



Then the sequence |^| converges in law to G -normal distribution N(0; 6), i.e., 

St, 



lim 

n— >oo 



w/iere X ~ iV(0; 9), = X x + ■ ■ • + X, 



E[cp(X)}, M<p e C bMp (R d ), (3.1) 



Corollary 3.2 Let fre a sequence of M, d -valued random variables in a sublinear expec- 

tation space (£1,1-1, E) which satisfies conditions (i)(ii)(iii) in Theorem \3.1\ and the following 
condition (v). 

(v) There exists a sublinear function G : S(d) — > R such that {G{\ converges to G pointwise, 
i.e., 

lim Gi{A) = G(A), MA e 8(d), 

i—>oo 

where Gi(A) = \E[(AXi, Xi)}, MA e S(d). 
Then the result of Theorem \3.1\ holds. 

In order to state another corollary of Theorem 13. 1[ we need the following definition. 
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Definition 3.3 Let A\, A 2 C S>+(cf) be two closed subset. Define their Hausdorff distance as 
follows: 

d H (A u A 2 ) := inf {e| Aj C B £ (A 2 ), A 2 c B^)}, 

where 

B £ (A) := {x G S+(d)\d(x,A) < e}, 
d(x,A) := inf{<i(x, y)\y G A}, 



d(x,y) := \\x - y\ 



Set 

H := {A C §+(d)|A is bounded and closed}. 
Then by [2], (S, is a complete metric space. 

Corollary 3.4 Let 6e a sequence of M. d -valued random variables in a sublinear expec- 

tation space (fljH, E) which satisfies conditions (i)(ii)(iii) in Theorem \3.1\ and the following 
condition (vi). 

(vi) There exists a bounded, convex, and closed subset of §+(oQ such that 

1 n 

nm - VMe,ei) = 0, 

n— >oo n z — 

i=l 

where 0j is a bounded, convex and closed subset of §+(d) such that 

Gi(A) := l-E[(AX t ,X t )] = I sup tr[AQ]. 

Define G(A) = | supg g @ tr[AQ] , \/A G S(d). Then the result of Theorem \3. 1\ holds. 

Corollary 3.5 Let {X i } c *^ 1 be a sequence of M. d -valued random variables in a sublinear expec- 
tation space (Q,1-L,E) which satisfies conditions (i)(ii)(iii) in Theorem \3.1\ and the following 
condition (vii). 

(vii) Let Gj be a bounded, convex and closed subset of §+( c such that 

Gi{A) := l -E[{AX u X,^} = \ sup tr[AQ], 

and {©«} is a Cauchy sequence in (E,dn), i-e.., dn(Qi,Qj) — >• 0, as i,j — > 00. 

Then there exists a bounded, convex and closed subset C such that the result of Theorem 

\3.1\ holds, where the function G : S(d) — > R is defined by G(A) = |supo 6e tr[AQ]. 



6 



By Corollary 13. 4[ we can easily get the following result. 

Theorem 3.6 (fTjj) Let a sequence {Xj}°^ which is 1- dimensional random variable in a sublinear 
expectation space (£l,'H,E) satisfy the following conditions: 

(i) each X i+ i is independent from (Xi, . . . , Xj), Vz = 1, 2, . . . ; 
(%%) E[Xi] = E[-Xi] = 0, E[Xf] = a 2 , -E[-Xf] = a?, where < a 2 < of < oo; 
(Hi) there are two positive constants a and a such that 

■y n 1 n 

lim - Vk 2 -a 2 \ = 0, lim - V lof -a 2 \ = 0; 

n— >oo n n— >oo n ^— — ' 

i=l i=l 

(%) there is a constant M > 0, such that 

EHXif] < M, Vz = l,2,... 

T/ien i/ie sequence °/ ^ e s,um = Xi + ■ ■ • + -Xn converges in law to N(0; [er 2 , a 2 ]) : 



lim E 



where X ~ N(0;[a 2 ,a 2 ]). 



Proof. For d — 1, by Definition I3.3[ we have 

dij([a, b], [c, d]) = max{|a — c|, |6 — d|} < |a — c| + \b — d\. 
Set 9, = [a 2 , a 2 ], 9 = [a 2 , a 2 ]. Then 

d H (Qi,Q) = max{|a 2 - a 2 \, \a 2 -a 2 \}< \a 2 - g_ 2 \ + \a 2 - a% 
and thus by condition (iii), we have 

n 1 n 1 n 

lim - Yd H (Q h e) < lim -V \a 2 -a 2 \+ lim -V |^ 2 -^ 2 | =0. 

n— >oo n — ' n— >oo 77, ^— — ' rt— >oo 77, ^— — ' 

i=l i=l i=l 

Then the result follows from Corollary 13.41 □ 
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4 Proofs of the main results 



4.1 Proof of Theorem 13.11 

At first, we prove a lemma. 

Lemma 4.1 We assume the same assumptions as in Theorem \3.1\ We further assume that there 
exists a constant (3 > such that, for each A,B £ E>(d) with A > B , we have 

E[{AX,X)\- E[(BX,X}} > f3 tr[A-B}. (4.1) 

Then our main result (lff.il) holds. 

Proof. For a small but fixed h > 0, let V(t,x) be the unique viscosity solution of 

d t V + G{D 2 V) = 0, (t, x) £ [0, 1 + /i] x R d , = </?■ (4.2) 

By Proposition 12.101 we have 



V(t, x) = E[<p(x + Vl + h- tX)). (4.3) 

In particular, 

V{h, 0) = E[<p(X)], V(l + h,x) = <p(x). 
Since ( 14.2ft is a uniformly parabolic PDE and G is a convex function, by the interior regularity of 



V (see [E]), we have 

llVl^i+f .2+« ([0)1]xKd) < oo, for some a £ (0, 1). (4.4) 
Set <5 = -, So = 0. Then 

n ' u 

n-1 

v r (i,v^s , „)-y(o,o) = ^{y((i + i)(j,V55 i+ i)-y(i<y,v^s , i )} 

i=0 
n-1 



+ 1)5, y/SSt+i) - V(i5, VSS i+1 )} 

i=0 

+[V(iS, V6S i+1 )-V(iS, y/SSi)}} 

n-1 



with, by Taylors expansion, 

Jl = d t V{iS,VS8 i )S+^{D 2 V{iS,VsS i )X^ u X^ x )S+{DV{iS,^ 

I\ = S [\d t V((i + (3)6, V5S i+1 ) - d t V(i5, V5S l+1 )]df3 



[d t V(i6, VdSi+t) - d t V(i8, V6S, t )}5 

- J J 6( (p 2 V{%8, V5S l + j/3X i+1 VS) - D 2 V(i5, v 7 ^)) X i+1 , X i+1 } 7 d/3d 7 . 
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Thus 



E 



n-l 
,t=0 



E 



n-l 

E'J 



i=0 



< £[f(i, V£s„)] - y(o, o) < e 



n-l 

E^ 

.4 = 



E 



n-l 

E'J 

i=0 



• (4-5) 



E 



n-l 

E^ 

.2=0 



E 



E 



We now prove that lim^oo E [X)ILo ^l] = 0- Fhstly, by conditions (i) and (ii), we have 
E^DV^VdS^X^VSl = E[(-DV(i5, V6S t ),X l+l )V6] = 0. 
Then by (14. 2 p and the sublinear property of E, we have 

^ (d t V{i8, V6Si)5 + G(LPV(i6, V6Si))6 y 

_i=0 

"n-l , 1 v 

[ ^(D 2 V(z5, V6Si)X i+u X t+1 ) - G(D 2 V(i5, y/SSi)) ) 5 

i=0 ^ ' 

"n-l , 

^ I -<£>V(i£, vfe)X i+ i,X i+ i) - G i+ i(D 2 y(i<5, VSSi)) 
=o ^ 

"n-l 

^ (G i+1 (D 2 V(i8, VSSi)) - G(D 2 V(t5, VSSt)) 



E 



< 5E 



+5E 

.i=0 

= L l + L 2 . 

Note that <9 2 lX2 ^ = d 2 2X1 V, so D 2 ^ G S(d), and thus G(-D 2 V) is meaningful. Now we discuss Lj 
and L 2 respectively. For L 1; by the definition of the function G i+ i, we have 



1 n_1 r/i \ 

Li<-Y<E [2( D2 V(i5,V5S i )X i+u X i+1 )-G i+1 (D 2 V(i5,V5S i ))\ 



i=0 

For L 2 , by condition (iv), we have 

"n-l 



0. 



Lo < -E 



n 



Y,a %+1 \\D 2 V{i5^8S i )\\ 



i=0 



n-l 



< 



n ^— ' L 



i=0 



We claim that there exists a positive constant Ci such that E[\\D 2 V(i8, \/5Si) ||] < Ci,\/i = 1,2,... 
By (fl~4j) . we have 



|5V(!^5i) -£)V(0,0)|| < C (\VSSi\ a + \iS\ ! 



where C is a positive constant. By Holder's inequality and conditions (i)-(iii), we have 



E[\VSSi\ Q ] < (e[\Vss. 



2 \ 2 



< M§ x t = Aft. 



ft=i 



ft=i 



Let Ci := ||D 2 V(0, 0)|| + CMS +C. Then for any i = 1,2,..., 

^[||D 2 y(i<J,V^Si)||] < ||DV(0,0)|| + CE;[|V5^| a ] + C|^|f < d. 
Hence L 2 < X^=i a i> which together with condition (iv) implies that lim sup L 2 < 0. Then 



Similarly, we have 



lim sup E 



lim sup E 



n-l 
,i=0 



n-l 
i=0 



< 0. 



< 0. 



(4.6) 



(4.7) 



As ^[ElTo 1 J J] > ~^[- ££0 B y (@2D, we have liminf ^E"" 1 Jj] > 0, which together with 

n— >oo 

gU) implies that lim £ [^=o J l] = °- 



Now we come to analyze the two items including P 5 in (14.51) . Since d t V and D 2 V are uniformly 
a-H61der continuous in x and ^-Holder continuous in t on [0, 1] x M. d , we have 



\n\ <c'5 i+ f(i + |x m r + |x m | 2+Q ) 

where C is a positive constant. By Young's inequality, we have 

.2+« „ |2+Q 



-Xi+iT — 



\X„ 



2+a 
a 



+ 



a\X. 



i+l\ 



2+a 
2 



2 + a 



+ 



2 + a' 



and thus there exists a positive constant C 2 such that 



Hence 



E[\P 5 \] < C 2 5 1+ t(l 4 



1 2+a" 



E[\X i+1 \ 



It follows that 



E 



n-l 
i=0 



< C 2 5 1+ t(l + M 



n— 1 n— 1 



2 + a , 
3 



< E^ J ^ E^ra ^(i + 



2 + a , 
3 



1=0 



i=0 



n 
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and thus 



On the other side, 



lim sup E 



n-l 



< 0. 



i=0 



E 



n-l 
,i=0 



n~l n— 1 / 

> -££[-4] ^ -E^ra ^ -c 2 (i+m^) (- 

i=0 i=0 ^ 



we have liminfi? EILn — 0' which together with (14. 8f) implies that lim -EEiLn -^5] = 0- 

n— >oo ' n—>oc 

Similarly, we have lim E[— T27=a I&\ = 0. 

n— >oo 

By (14.51) . we have 



lim E\V(l,V6S n )] = V(0,Q). 



(4.9) 



Finally, Vt, t' e [0, 1 + h], x e 



\V(t,x) - V{t',x)\ < E[\<p(x + VI + h - tX) - <p(x + Vl + h - t'X) 

< k v \y/l + h - t - Vl + h - t'\E[\X\] 

< c 3 V\t-f\, 



(4.10) 



where k v is a Lipschitz constant depending on tp, and C 3 is a constant depending on </?. By (14.31) 
and (I4.10p . we have 



\E[<p(X)} - E[<p(VTThX)]\ = \V(h,0)-V(0,0)\ < C 3 Vh, 



and 



\E[V(l,VSS n )]-E[p{V6S n )]\ = \E[V(l,V8S n )]-E[V(l + h, V6S n )]\ < C 3 Vh. 
It follows that 

<5„ 



E 



<P 



S n 
7i 



E[cp(X)} 



< 



E 



E[V(1, V6S n )] 



\E[V(1, VSS n )} - E[<p(VT+hX)]\ 



+ \E[<p(VT+hX)} -E[<p(X)}\ 
< 2C 3 Vh+\E[V(l,V5S n )]-V(0,0)\, 



which together with (I4.9p implies that 



lim sup 



E 



s,, 



E[<p{X)] 



C 2C 3 Vh. 



Since h can be arbitrarily small, we have 



lim E 



E[<p{X)]. 
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The proof is complete. 



□ 



Proof of Theorem 13.11 The idea comes from the proof of Theorem 3.5 of [T3]. When the 
uniform elliptic condition ( 14.1 j) does not hold, we first introduce a perturbation to prove the above 
convergence for ip G C bjLip (^dy We can construct a sublinear expectation space (f2,"H,E) and a 
sequence of two random vectors {(Xj, K i )} c *L l such that, for each n — 1,2, ... , {Xj}™ =1 ~ {Xj}™ =1 
and {(X n+ i,R n+ i)} is independent from {(Xj, Kj)}™ =1 and, moreover, 



E[^(X i ,« i )] = (27r)-t / E[^(X,,x)]e-^^, G C b ,L, P (M 2xd ). 

Define Xf := X, + ere, for a fixed e > 0. It's easy to check that the sequence {Xf\°^L x satisfies all 
the conditions of Theorem 13.11 in particular, 

G\{A) 



h[{AX^X!)] = G l (A) + £ -tr[A], 



G £ {A) := G(A) + -tr[A]. 
They are strictly elliptic. Then we can apply Lemma 14.11 to 

n n n 

S n = ^ ^ Xj = ^ ^ Xj + E.J n , J n = ^ ^ Ki, 

and obtain 



i=l 



i=i 



i=l 



lim E 

ra— >oo 



r 



where (X, «) is G-distributed under E[-] and 



G(A) := h[(A(X, R), (X, «))], A G S(2d). 



We have 



<5„ 



E 



<7 e 



E 



?! 



E 



< £ CE 



< C'e, 



where C is a Lipschitz constant of <p and C is a constant depending on tp. Similarly, 

\E[tp(X)\ - E[ip(X + ere)] | = |%(X)] - %(X + ere)] | < Ce. 
Since e can be arbitrarily small, it follows that 



lim E 



S I, 



E[<p(X)], V<peC b)Lip ( 



The proof of Theorem 13.11 is complete. 



□ 



Remark 4.2 By the proof of Lemma 14. 1|, we know that condition (in) in Theorem 13.11 can be 
weaken to: there exist two cons tants M > and a e (0, 1) such that E[\Xi\ 2+a } < M, Vi = 1, 2, . . . 
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4.2 Proof of Corollary [O 

At first, we prove two lemmas. 

Lemma 4.3 We make the same assumptions as in Theorem \3.1[ then {Gi, G} are Lipschitz 
function, and further they have a common Lipschitz constant Cq. 

Proof. \A4, B G S(d) and Vi = 1, 2, . . ., we have 

\GiiA) - Gi(B)\ = ^[{AXuX^-E^BX^X^W 

< ^E[\((A-B)X i ,X i )\] 

< \\\A - B\\ ■ E[\X t f] 



|3- 



3 



and 



< ip-s||-(s[|x 

1 a ,, 

< -M*\\A-B\\, 



\G(A)-G(B)\ = ]jm \Gi(A)-Gi(B)\<~M*\\A-B\ 

n— >-oo 2 



Set C = |Ms. The proof is complete. □ 

Lemma 4.4 M^e make the same assumptions as in Theorem IJ.il then there exists a sequence 
{li} of positive numbers such that lim7j = and 

i— >oo 

\Gi(A)-G(A)\ <ji\\A\\, WAeS(d). 

Proof. Because of Gj's and G's positive homogeneity, we only need to prove {Gi} uniformly 
converges to G on the set {A G §(d)| \\A\\ < 1}. We suppose that this does not hold. Then there 
exists an e > such that V7c, 3 > k, A nk G {A G S(d) | \\A\\ < 1}, and 

\G nk (A nk )-G(A nk )\>e. 

Since {A G S(d) | < 1} is a compact subset of S(d), thus it is sequential compact, so {^4n fc } 
has a convergent subsequence {A nk }. Denote by Ao its limit point. By Lemma [4.3[ we get 

\G nki (A nki ) - G nki (A )\ < C \\A nki - A \\, \G(A nki ) - G(A )\ < C \\A nki - A \\, 

and thus 

\G nki (A nki ) -G(A nki )\ < \G nki (A nki ) - G nki (A )\ + \G nki (A ) - G(A )\ + \G(A ) - G(A nk )\. 
Leting I — > oo, we obtain that limsup \G nk {A nk ) — G(A nk )| < 0. It's a contradiction. Hence the 
result of this lemma holds. □ 
Then Corollary 13.21 directly follows from Theorem 13.11 and Lemma 14.41 
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4.3 Proof of Corollary S3 

Set 

G(A) = -E[(AX,X)} = -sixpti[AQ],VA G S(d). 
2 2 gee 

We claim that 

|Gi(A)-G(A)| <^(e 4 ,6)P||. (4.11) 

If dn{Qi, 0) = 0, then 0j = O, and so Gj = G and thus (14. lip holds in this case. Now assume 
that d H (e h 0) ^ 0. By tr[AQi] - tx[AQ 2 \ = trL4(Qi - Q 2 )], we have 

HAQj] - tx[AQ 2 }\ < \\A\\ ■ ||Qi - Q 2 ||. (4.12) 

Suppose that ( 14. lip doesn't hold. Then there exists an element A^06 S(d) such that 

\G i (A)-G(A)\>d H (e i ,e)\\A\\. (4.13) 

Since 0j and are bounded and closed, there exist Qi G 0j, Q G such that 

Gi(A) = ±tT[AQi], G(A) = \tr[AQ]. (4.14) 
Without loss of generality, we assume that Gi(A) > G(A). Then by ( 14. 13ft and (14.141) . we have 

hriAQ % ] - l -ti[AQ] = itr[A(g, - Q)] > d H {Q h Q)\\A\\. (4.15) 
By the definition of du and the assumption that dn(Qi, 0) 7^ 0, there exists Q G such that 

||Qi-Qo|| < ^d H (Q u Q). (4.16) 
Then by (jQ2]l . (14151) and fOHl) . we have 

^tr[AQo] - itr[Ag] = \tr[AQ,} - ~trL4Q,] + ^trL4(Q, - Q)] 

> -ip||-||g o -Q 4 ||+^(0 i ,0)PII 

> -^(0^,0)11^11 + ^(0^,0)11^11 
= ^d H (Q u Q)\\A\\ >0, 

which contradicts the fact that |tr[v4<5] = G(A) = \ supg ge trLAQ]. Hence (I4.1ip holds. Then 
by Theorem 13.11 we obtain the result of Corollary 13.41 □ 
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4.4 Proof of Corollary 13.5 



Since {©«} is a Cauchy sequence in (S, du) and (S, dn) is a complete metric space, there exists 
a bounded closed set G 5 such that lim dn(®, ©i) = 0, hence lim ^ Y^=i °^-f/(©, ©«) = 0. And 



thus by Corollary I3.4[ we only need to prove that is a convex set. First, we prove two claims. 
Claim 1. ig9^ lim d(x, 0j) = 0. 

i— >oo 

"=^>" If x G 6, then by the definition of d#, we have d(x, 0j) < d#(0,0j), and thus 
lim d(x, 0j) = 0. 

i— >oo 

"■<£=" Since d#(O,0j) — > as z — >■ oo, so Ve > 0, there exists an N such that when i > N, 
dff(Q, 0j) < e/2. Hence 0, C B e (Q), and by lim d(x, 0j) = 0, we get x G -B 2e (0). Since £ is can 

i— »oo 

be arbitrarily small, we have x G = 0. 

Claim 2. The function d(-, 0j) : S+(d) — > K is convex. 

Indeed, Vx, ?/ G S+(d), a G [0, 1], there exist x , y G 0, such that 

d(x, e<) = d(x, x ), d(y, 0;) = tZ(j/, j/ )- 

Since 0j is convex, we have ax + (1 — a)y Q G 0j. Then we have 

d(ax + (1 — a)y, 0j) < d(ax + (1 — a)y, ax + (1 — a)y ) 

= || (ax + (1 — a)y) — (axo + (1 — a)yo) \\ 

< a\\x - x Q \\ + (1 - a)\\y - y \\ 

= ad(x,®i) + (1 - a)d(y,®i), 

and thus Claim 2 holds. 

Now we prove that is a convex set. For any x, y G and a G [0, 1], by Claim 1 and Claim 
2, we have 

lim d(ax + (1 — a)y, 0j) < lim (ad(x, ©i) + (1 — a)d(y, 0j)) = 0. 

i— >oo t— »oo 

By Claim 1 again, we get that ax + (1 — a)y G 0, and thus is a convex set. □ 



Remark 4.5 Under the conditions of Corollary Iff. 51 by the above proof and fl^.li| ) we /iai>e 
lim Gi(A) = G(A),VA G S(d). 



5 Multi-dimensional laws of large numbers under sublin- 
ear expectations 

In this section, we give a multi-dimensional (weak) law of large numbers and several corollaries. 
The idea for the proofs is similar to the one used in the above section and we omit the details. 
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Definition 5.1 (fT3f) A d- dimensional random vector 77 = (771,772, • • • iVd) on a sublinear expec- 
tation space (Q,H,E) is called maximal distributed if there exists a bounded, vonvex and closed 
subset r e R d such that 

E[<p(r))} = msx<p(y), V<p e C bMp (R d ). 
j/er 

Proposition 5.2 (Jffl$) Let 77 be maximal distributed. For any ip e C bt Li P (^ d ) , define a function 

u(t, y) = E[tp(y + trj)}, (t, y) e [0, 00) x R d . 
Then u is the unique viscosity solution of the following parabolic PDE: 

d t u-g(Du) = 0, u\ t=0 = <p, (5.17) 
where g = g v : R d — >■ R is defined by g v (p) = E[(p, 77)]. 

Remark 5.3 It is easy to check that g v is a sublinear function on M. d . Then by Theorem \2.2l 
there exists a bounded, convex and closed subset V C M. d such that 

g(p) = sup(p,g), VpeR d . 

Theorem 5.4 Let {Yi}^ be a sequence of M. d -valued random variables in a sublinear expectation 
space (Q, H, E) which satisfies the following conditions: 

(i) each Yj + i is independent from (Y±, . . . , Yi), Vz = 1, 2, . . . ; 

(ii) there exists a positive constant M such that E\\Yi\ 2 ] < M, Vz = 1, 2, . . . ; 

(Hi) there exist a sequence {a n } of positive numbers and a sub-additive, positive homogeneous 
function g : R d — > R such that lim (a,\ + h a n )/n = 0, and 

-0(p)| < anbl.Vn, p e R d , 
w/iere # : R d ->■ R, ^(p) = £[(F l7 p)], Vp G R d . 

T/ien £/ie sequence {^ L }^L 1 converges in law to G-normal distribution iV(r;0), i.e., 

= E[ip(r,)\, if e C b , Ltp (R d 

where S n — Y\ + • • • + Y n , 77 ~ iV(r; 0) and g(p) = sup (?gr (p, g), Vp e R d . 

Corollary 5.5 Lei {K;}^ 6e a sequence of M. d -valued random variables in a sublinear expectation 
space (Q,H,E) which satisfies conditions (i)(H) in Theorem 5.4 and the following condition (iv). 



lim E 

n— >oo 



if ( — 

n 
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(iv) {g{\ converges to g pointwise, i.e., lim gi(p) = g(p), Vp G M. d , where g$ : M. d — > IR, g%{p) 
E[(Y h p)], VpGM. 



Then the result of Theorem 5.4 holds. 
Define 

n := {r C R d \T is bounded and closed}. 
Denote by dn the Hausdorff distance on II. Then by [2], (II, djj) is a complete metric space. 

Corollary 5.6 Let {Yi}^Z 1 be a sequence of M. d -valued random variables in a sublinear expectation 



space (Q,7i,E) which satisfies conditions (i)(ii) in Theorem \5.J\ and the following condition (v). 

(v) There exists a bounded, convex and closed subset V C M, d such that 

1 11 

lim - y\d H (T u T) = 0, 



n— >oo n 

i=l 



where Tj is a bounded, convex and closed subset of M. d such that E[{Yi,p)} = sup gr . cR d(g,p) ; 
Mp E R d . 



Then the result of Theorem 5.4 holds 



Corollary 5.7 Let {Yj}^ be a sequence of Mr-valued random variables in a sublinear expectation 



space (£l,HiE) which satisfies conditions (i)(ii) in Theorem\5.J\ and the following condition (vi) 



(vi) LetTi be a bounded, convex and closed subset of M. d such that E[{Yi,p)] = sup (Jgr . cR d(g,p), Vp e 
M. d . Suppose that {Tj} is a Cauchy sequence in (II, 

Then there exists a bounded, convex and closed subset T of M. d such that dff(F, Tj) — > as i — > oo 



and the result of Theorem 5.4 holds 



Remark 5.8 By Corollary \5.6i and the definition of the Hausdorff metric dn, following the proof 
of Theorem \3.6\ we can easily prove Theorem 3. 1 of J^j. 
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